In this paper, we extend the Johnson, Pawlukiwicz, and Mehta [1] skewness-adjusted binomial model to the pricing of futures options and examine in some detail the asymptotic properties of the skewness model as it applies to futures and spot options. The resulting skewness-adjusted futures options model shows that for a large number of subperiods, the price of futures options depends not only on the volatility and mean but also on the risk-free rate, asset-yield, and other carrying-cost parameters when skewness exists.
Introduction
One of the interesting, as well as subtle, features of the Black-Scholes (B-S) [2] model and the binomial option pricing model (BOPM) with a large number of subperiods (n) is that the models depend only on the variance. In these models, the mean is not important in determining the value of spot options and the mean and net carry cost are not important for futures options. These implications of the model, however, depend on the assumption that the logarithmic return of the underlying security is normally distributed. Studies by Johnson, Zuber, and Gandar [3] and [4] have shown that in periods of increasing stock prices or rates, the logarithmic return of stock indexes and interest rates are often characterized by a positive mean and significant negative skewness, and in periods of decreasing prices or rates, the logarithmic returns are often characterized by a negative mean and significant positive skewness. Moreover, several earlier empirical studies have reported that the B-S model consistently underprices options in the presence of skewness; see for instance, Stein and Stein [5] , Wiggins [6] , and Heston [7] . Jarrow and Rudd [8] and Corrado and Tie Su [9] have extended the B-S model to account for cases in which there is skewness in the underlying security's return distribution. Similarly, Câmara and Chung [10] and Johnson, Pawlukiewicz, and Mehta (JPM) [1] have extended the Cox, Ross, and Rubinstein (CRR) [11] and Rendleman and Bartter (RB) [12] binomial option pricing model to include skewness. In their paper, JPM also show that skewness changes the asymptotic properties of the up (u) and down (d) parameters, elevating the relative importance of the mean in valuing options. This property of their skewness model suggests that when distributions of logarithmic returns are characterized by skewness, the observed pricing biases associated with the B-S model may be due to not only the omission of skewness, but also the mean.
Today, the derivative market for non-stock options (indices, currencies, debt securities, and commodities) is dominated more by options on futures contracts than options on spot securities. The purpose of this paper is to extend the JPM skewness-adjusted binomial model to the pricing of futures options. In addition, given that one of the features of the JPM skewness model for spot options is that skewness changes the asymptotic properties of the u and d parameters, this paper examines in some detail the asymptotic properties of the skewness-adjusted binomial model as it applies to both futures and spot options. Our results show that the skewness model for futures options has similar asymptotic properties as the model for spot options. However, in the case of futures options, the presence of skewness elevates the importance of the mean, as well as the risk-free rate, the asset yield, and other parameters that are defined by the carrying-cost model. tions recursively by determining the futures option's intrinsic values at expiration and then using the singleperiod binomial model at each node to price the futures option equal to the value of its replicating portfolio: 
where: C 0 = call price P 0 = put price R = annual risk-free rate t = time to expiration expressed as a proportion of a year X = exercise price f 0 = current futures price u f = the futures up parameter d f = the futures down parameter n = number of periods to the option's expiration t/n = length on the binomial period = time to expiration as a proportion of a year (t) divided by number of periods to the option's expiration p = risk-neutral probability For the case of an option on a financial futures contract (e.g., index, currency, or debt security) in which the underlying security is adjusted to reflect a continuous asset yield (e.g., dividend yield, foreign risk-free rate, or coupon rate), the equilibrium futures price as determined by the carrying-cost model is:
where: S 0 = current spot price ψ = annual asset yield ∆t = t/n = length of binomial steps as a proportion of a year n f = number of discrete binomial periods of length ∆t to the futures' expiration
The risk-neutral probability, p, for options on financial futures defined in terms of the up and down parameters for the underlying spot (u = S u /S 0 and d = S d /S 0 , where S u = uS 0 and S d = dS 0 ) is:
If the carrying-cost model holds, then the up and down parameters for the futures price (u f = f u /f 0 and
Substituting Equations (5) and (6) into Equation (4), the risk-neutral probability for futures call and put option prices can be alternatively defined in terms of the futures up and down parameters (u f and d f ) : 
where: g = logarithmic return of the underlying spot price = ln(S 1 /S 0 )
The relationships between the spot and futures parameters follow directly from the futures and spot relation defined by the carrying-cost model given in Equation (3). Specifically, from Equation (3), one can solve the relationship between the spot and futures moments as follows: 
Taking the expected value of both sides of Equation (16) results in the mean over a period of time ∆t:
 are respectively the periodic means of a spot option and a futures option for a period of length ∆t( = t/n). Multiplying both sides by 1/∆t results in the annualized means (µ S and µ F ):
Taking the variance of both sides of (16) and annualizing we obtain:
Thus, the relationships between the mean, standard deviation, and skewness on the futures and spot logarithmic returns are:
Substituting (17) and (18) into Equations (13) and (14), u f and d f can be expressed in terms of the spot mean and variability, the risk-free rate, and the asset yield:
The difference between the futures up and down parameters (u f and d f respectively), and the spot up and down parameter (u and d respectively (see Equations (9) and 10)) is the net cost of carry term (R -ψ). If R > ψ, then the futures market is normal with the futures price (Equation (3) 
Binomial Futures Options Pricing Model

Decreasing Exchange-Rate Case
Several empirical studies have shown that periods of increasing security prices are often characterized by a positive mean and significant negative skewness in the security price's logarithmic return. As an example of a decreasing price scenario, suppose the current US dollar/British pound exchange rate is S 0 = $1.60/BP, and there is a market expectation of a dollar appreciation over the next year such that the expected distribution of logarithmic returns for the exchange rate has the following annualized mean, variance, and skewness: μ S = −0.17597, V S = 0.019555, and δ s = 0.0008602. Given these empirical moment values, consider the pricing of call and put options on a British pound (BP) futures contract each with X = $1.60/BP and a time to expiration of 270 days, using a three-period binomial model. In pricing the options, assume the following:
1) The spot $/BP exchange rate at time 0 is
2) The annual risk-free rate paid on US dollars is R = 0.06
3) The annual risk-free rate paid on British pounds is ψ = 0.04
4) The futures contract on the BP expires in one year 5) Carrying-cost model holds 6) Options on the BP futures options expire in 270 days 7) 360-day year The length of the binomial period in years is ∆t = t/n = (270/360)/3 = 0.25, with the call and put options expiring in (n option )∆t = (3) 
The negative mean and positive skewness in this case yield u f , d f , and q values that reflect a decreasing exchange-rate scenario in which the proportional decrease in the futures rate each period is 10.03%, exceeding in absolute value the proportional increase of 4.63%, and the probability of the decrease in each quarterly period ∆t = 0.25) is 1− q = 0.65: ( The binomial tree for the underlying spot $/BP exchange rate, BP futures contract, European and American futures calls, and European and American futures puts are shown in Exhibit 1. In the three-period option case, the binomial model prices the European futures call at $0.0857 and the European futures put at $0.0553. As shown in the exhibit, there is an early exercise advantage for the American futures call at the upper node in period 2, and an early exercise advantage for the American futures put at the lower node in period 2. As a result, both the American futures put and call options are price slightly higher than their European counterparts.
If the up and down parameters are not adjusted for skewness, then q = 0.5 and the skewness-adjusted equations for the up and down parameters for the spot and futures simplify to the CRR/RB formulas: t n t n t n t n t n f t n R t n t n t n f
In this example, the up and down parameters for the sp ot rate would be u = 1.026268 and d = 0.892335, the up and down parameters on the futures contract would be u f = 1.021149 and d f = 0.887884, and the risk-neutral probability would be p f = 0.8412978. In this case, in which skewness is assumed to exist but is excluded in the estimates of the up and down parameters the binomial model prices the European call at $0.0786, 8.28% less than the skewness-adjusted model, and the European put at $0.0477, 13.74% less than the skewness model. Additionally, there would not be an early exercise advantage Periods of increasing security prices are often by a positive mean and negative skewness in the security price's logarithmic return. To illustrate option pricing under this scenario, suppose the market expects the $/BP exchange rate to increase over the next year such that the expected distribution of the exchange rate's logarithmic return has the following estimated annualized moments: μ S = 0.17597, V S = 0.019555, and δ S = −0.0008602. In this increasing exchange rate case, the up and down parameters for the spot rate are u = e increasing case would price the European futures call at $0.0862 and the European futures put at $0.0553. The American futures put and call options are priced slightly higher than the European option, given early exercise advantages for both the call and put options.
If the up and down parameters for this inc ere not adjusted for skewness, then q would be equal to 0.5, and the up and down parameters for the spot rate would be u = 1.120667 and d = 0.974407, the up and down parameters on the futures contract would be u f = 1.115078 and d f = 0.969547, and the risk-neutral probability would be p f = 0.20925. In this case in which skewness is assumed to exist but is excluded in the estimates of the up and down parameters, the binomial model prices the European call at $0.084, 2.55% less than the skewness-adjusted model, and the European put at $0.0531, 3.98% less than the skewness model.
In the case of spot options, the existence of skewn the relative contribution of the mean to the up and down parameters and the asymptotic properties, with the skewness-adjusted up and down parameters having different asymptotic properties than the CRR/RB parameters. In the case of futures options, these same properties also hold. In addition, with futures options, the impact skewness has on elevating the importance of the mean depends on the carrying cost value (R − ψ) and whether the futures market is normal, inverted or neutral.
Relative Importance of the Mean Term
In the case of a positive mean, the mean becomes important in determining the value of the spot u rameter value, the greater the negative skewness (or equivalently the more q exceeds 0.5). Similarly, for futures options, the µ − (R − ψ) term becomes more important in determining the futures up parameter value (u f ), the greater the negative skewness. By contrast, in the case of a negative mean, the mean becomes more important in determining the value of d, and the µ − (R − ψ) term becomes more important in determining the value of the futures down parameter (d f ), the greater the positive skewness (or equivalently the more 1 − q exceeds 0.5).
To see the impact skewness has on increasing the importance of the mean for spot options and the µ − (R − term for futures options, consider the previous threeperiod increasing exchange rate case in which u = 1.10 and d = 0.95 for the spot exchange rate. If skewness were zero, then q would be equal to 0.5, the expected quarterly mean would be equal to 0. ) and the annualized variance would be 0.019558. Given the mean and variance values and a q = 0.65, the implied skewness would be δ = −0.0008602. If these were the actual empirical values of mean, variance, and skewness, then ln(u) would be equal to the nonskewed value of 0.0953 (u = 1.10), but with q = 0.65, the contribution of the mean to the value of u would be 46% and the contribution of the variance to the value of u w − ψ) and the futures market is normal (R term hereas the mean term has an opposite directional impact on u and u f than the variance term, with its negative impact on the up parameter increasing the greater e skewness. Table 2 summarizes the relative contributions of the mean and variance terms to the spot and futures up and down parameters for the decreasing exchange-rate case and other scenarios with different levels of skewness and different futures markets. Panel A details the relative contributions for the spot and Panel B details the contributions for the futures.
Asymptotic Properties
In the CRR/RB model, as the number of subperiods (n) 1 Note that in this case, µ > (R For the futures options, the ln(u f ) would likewise be equal to its non-skewed value of 0.0903095 (u f = 1.094513), but the contribution of the mean and the net cost of carry (R -ψ) term to the value of u f would be 43%, and the contribution of the variance to the value of u f would be 57%:
-ψ > 0) with the futures price exceeding the spot price. As a result, negative skewness increases the mean's impact on the up parameter (46%) for the spot option more than the up parameter for the futures option (43%). In contrast, if the market were inverted (R -ψ < 0), then negative skewness would have decreased the impact of the mean on the futures up parameter more than the spot parameter. /n, as n gets
a constant mu large. As a result, for the case of large n, the first term in the exponent in Equation (13) approximates a constant divided by n, which is in the same form as the second term,
Consequently, both terms in the exponent of equation (13) for u f contribute equally, even when n is large. Thus, as n gets large, u f depends not only on the variance and skewness, but also on the mean, risk-free rate, and st, Equation (14) 
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For larger n, the contribution of the mean is approximately the same: when n = 39 (weekly periods; t/n = 0.75/39 = 0.01923), the relative contribution of the mean would be 31.59% for the spot rate and 29.04% for the futures; when n = 270 (daily; t/n = 0.75/270 = 0.0028), the contributions would be 28.91% for the spot and 26.49% for the futures; when n = 1000, the contributions would be 28.51% and 26.11% for the spot and futures, respecttively; when n = 1000000, the contributions would be 28.35% and 25.97%.
By contrast, if skewness were zero (the CRR/RB model with µ S = 0.17597, V S = 0.019558, and δ S = 0), the relative contributions of the mean term for the spot rate and futures would be 38.62% and 35.80% for n = 3 ((n = 3; 
When n = 9, the mean contribution for the spot and futures, respectively, would be 26.64% and 24.36%; when n = 39, 14.86% and 14.40%; when n = 270, 6.22% and 5.55%; when n = 1000, 3.33% and 2.96%; and when n = 1000000, 0.1% and 0.1%. but with the minimum mean contribution being close to zero. Figure 3 shows graphically the relationship between the number of subperiods and the mean's contribution to the down parameters for the skewness-adjusted decreasing exchange-rate case characterized by a negative mean and positive skewness: µ S = −0.17597; V S = 0.019555; δ S = 0.0008602. The graph highlights the asymptotic relation, showing that as n increases, the mean's contribution to the down parameters decreases asymptotically with the asymptote occurring at approximately n * = 30 w Figure 1 shows graphically the relationship between the number of subperiods and the mean's contribution to the up parameter for the skewness-adjusted increasing exchange-rate case.
The graph in Figure 1 highlights the asymptotic relation, showing that as n increases, the mean's contribution to both the sopt and futures up parameters decreases asymptotically with the asymptote occurring at approximately n * = 30 where the minimum mean contribution is 30% 2 . Figure 2 summarizes the relationship between the number of subperiods and the mean's contribution to the up and down parameters for the CRR/RB case in which skewness is zero. 2 It should be noted that since all the parameters contribute to either lnu or lnd as n gets large, the n value in which the skewness-adjusted model approaches a continuous one depends on the relative values of µ S , V S , and δ S . For the case of δ S < 0, the term (1 − q)/q approaches a constant divided by n in the limit. The critical value, n*, can therefore be found by solving for the n that makes (1 − q)/q (Equation (20)) equal to a large proportion (e.g., 0.99) of the limit (Equation (22)). Defining the proportion as 1 − ε, where ε is equal to the proportion of error (e.g., ε = 0.01), the n* that is equal to 1 − ε of the limit is: Figure 4 shows a similar asymptotic relation between the mean's contribution to the down parameter and n for the CRR/RB case, but with the minimum contribution being close to zero.
Differences in Futures Option Prices between the CRR/RB Model and the Skewness-Adjusted Model
Values for European futures call options on the British pound obtained using the skewness-adjusted model an ut options on the British pound re shown in Table 4 . The call and put futures options each have exercise prices of $1.60/BP and expire in 0.75 years, and the British pound futures contract expires in one year, with the futures price assumed to be equal to its carrying-coat value. The binomial model used for pricing is subdivided into 60 periods of length 6 days. The tables show three futures markets: a normal futures market where the annualized risk-free rate is assumed to be 6% on US dollars and 4% on British pounds, an inverted market where the dollar rate is 4% and British pound rate is 6%, F ng exchange-rate case characterized by a ean and a negative skewness: μ S = 0.17599586, V S = 0.019558, δ S = −0.000860192.
2) A decreasing exchange-rate case characterized by a negative mean and a positive skewness: μ S = 0.17599586, V S = 0.019558, δ S = −0.
A comparison of the futures option values obtained using the skewness-adjusted model with the CRR/RB model illustrates the pricing differences that occur under increasing or decreasing exchange-rate cases characterized by skewness. In general, for both scenarios, the CRR/RB model prices the American and European futures call and greatest pricing differences occu d the CRR/RB Model are presented in Table 3 , and values or the European futures p f a and a neutral market where each rate is equal to 6%. i nally, the tables show two exchange-rate scenarios:
1) An increasi -positive m the American and European futures puts less than the skewness model, with the rring for out-of-the-money options. Specifically, the si- utures market under a stable ex n is that these models depend only on the variance. The mean is not important in determining the value of spot options, and the mean and net carry cost are not important for futures options. This feature is a consequence of the assumption that the logarithmic return of the underlying security is normally distributed. In this paper, we show that in cases where skewness exists, the skewness-adjusted up and down parameters for spot options depend more on the mean than non-skewness-adjusted parameters, and that the skewness-adjusted up and down parameters for futures options depend more on the µ − (R ange 5.05% -38.36% (increasing); 9.14% -30.80% (decreasing)) than the inverted market case (4.67% -33.06% (increasing); 4.85% -21.25% (decre Finally, Table 5 compares futures call and put prices with corresponding spot call and put prices for normal, inverted, and neutral f change-rate scenario in which the mean and skewness are zero. As shown, with zero skewness, the skewness model and the CRR/RB model for spot and futures options are the same. The simulations, in turn, also show that this is the only case in which European futures and spot options are equal.
Conclusions
subtle feature of the B-S model and the BOPM for A large − ψ) term than non-skewness-adjusted parameters. Furthermore, the skewness-adjusted up and down parameters also have different asymptotic properties such that for large n, the mean for spot prices and the µ − (R − ψ) term for futures maintain their relative importance.
Thus, the presence of skewness serves to augment the relative importance of the mean for spot options and the µ − (R − ψ) term for futures options. Using simulations, we show that when there is an expected increasing price trend characterized by a positive logarithmic mean and 3 The pricing differences between the CRR/RB model and the skewness model are consistent with the aforementioned empirical studies of Stein and Stein [4] , Wiggins [5] , and Heston [6] who demonstrate that when skewness exists, the B-S model consistently underprices options. Also, as expected, there were no significant difference in the prices for the European call and put options obtained using the Black futures option mo in del (not shown) and the 60-period CRR/RB binomial prices shown negative skewness or an expected decreasing price trend characterized by a negative logarithmic mean and positive skewness, the CRR/RB model for large n when compared to the skewness-adjusted futures options model underprices futures options between 4% and 30%, with the larger underpricing occurring for out-of-the money options. 
